In this work an improved method for the simplified modelling of the thermal response of building elements has been developed based on a 5-parameter second-order lumped parameter model. Previous methods generate the parameters of these models either analytically or by using single objective function optimisation with respect to a reference model. The analytical methods can be complex and inflexible and the single objective function method lacks generality. In this work, a multiple objective function optimisation method is used with a reference model. Error functions are defined at both internal and external surfaces of the construction element whose model is to be fitted and the resistance and capacitance distributions are adjusted until the error functions reach a minimum. Parametric results for a wide range (45) of construction element types have been presented. Tests have been carried out using a range of both random and periodic excitations in weather and internal heat flux variables resulting in a comparison between the simplified model and the reference model. Results show that the simplified model provides an excellent approximation to the reference model whilst also providing a reduction in computational cost of at least 30%.
Introduction
In 2002 Gouda et al. [1] developed a simplified method for the dynamic thermal modelling of single-layer and multi-layer construction elements. They used an optimisation algorithm to find the five required parameters of the simplified model by matching its dynamic response to a high-order reference model. The work was limited in three respects:
 A unit step response was used as the excitation variable for the simplified model parameter fitting whereas excitations in practice vary continuously.  The results were based on excitations applied individually to both heat flux and temperature at one surface only using a single objective function search algorithm whereas in practice, both internal and external surfaces would be subject to simultaneous excitations of more than one variable.  Only two sets of results were published making it difficult for other users to make use of the simplified model.
In this work an improved method is proposed for the extraction of the simplified model parameters based on a multiple objective function search algorithm (i.e. objective functions simultaneously applied to both inside and outside surfaces) and the use of a reference model consisting of a rigorous finite-difference method. Extensive sets of results are generated for a range of common construction elements and a sample of these elements are tested in the context of a simple room enclosure model which alternately uses the simplified model and the more rigorous reference model for its construction elements. 
Review
The application of lumped parameter modelling methods to building dynamic thermal response is motivated by the desire to find simpler and, hence, computationally less 'expensive' methods for the analysis building thermal energy response. Approaches broadly fall into two categories:
 Lumped parameter construction element models from which whole room models may be constructed [1, 2, 3]  Lumped parameter whole room models [4, 5, 6, 7, 8] Though the differences between the two approaches are rather subtle (since models of individual constructions elements are almost always used as a basis for grouping or aggregating into whole room models), the treatment of individual elements usually provide greater detail in modelling information such as individual surface temperatures which can be important when dealing with radiant sources, etc.
Lorenz and Masy [2] were among the first to propose a simplified lumped parameter approach to building response modelling using a first-order model consisting of two resistances and one capacitor. Gouda et al. [1] demonstrated improved accuracy using a second-order model in which each construction element is described using three resistances and two capacitances. These approaches to modelling were often referred to as 'analogue circuit' models due to their connotation with electric circuits (i.e. see Figure 1 in Section 4). Fraisse et al. [3] also compared first-and second-order element models (the latter referred to as a '3r2c' model) and went further to propose a fourth-order '3r4c' model with aggregated resistances. Like Lorenz and Masy [2] , they propose an analytical method for deriving the parameters of the model (essentially, the distribution of resistance and capacitance values throughout the 'circuit') whereas Gouda et al. [1] used an optimisation method to determine the parameters with reference to a rigorous reference model.
Crabb et al. [4] , Tindale [5] and others [6, 7, 8] have applied the lumped parameter approach to the formulation of low-order whole room models by casting the capacitance parameter over the higher capacity elements of a room (external walls, solid floors, etc) and using algebraic heat balances for the lower capacity room elements (demountable partitions, etc). Tindale [5] attempted this using a second-order room model but found that it provided unacceptable results for rooms with very high thermal capacity (i.e. 'traditional' construction). He corrected this by introducing a third 'equivalent' room capacitance which required an inconvenient method for its parameterisation.
Though low-order whole room models offer very low computational demands and simplicity, there remain questions over the accuracy of these models particularly over long time horizons and they tend to provide less modelling information (i.e. individual and accurate element surface temperatures) essential in many lines of design enquiry. For this reason, it is argued that room models constructed from second-order (or higher) construction element descriptions provide greater accuracy and detail whilst retaining some of the key advantages 4 of simplicity and low computational demand and are, therefore, to be preferred other than for approximate and early feasibility simulation studies.
The key advantages of lumped parameter building modelling are those of simplicity, transparency and low computational demand. They are particularly suited to bespoke (i.e. research-based) building response modelling using either modular-graphical modelling tools such as Simulink [9] -see for example [10, 11, 12] , or equation-based methods such as Modelica [13] or EES [14, 15] .
Reference Conduction Model
A key requirement for accuracy in simplified lumped parameter building models is the correct distribution of the overall element resistance and capacitance to ensure that the element surface temperatures are accurately predicted. It is possible to attempt this analytically as has been done by Lorenz and Masy [2] and Fraisse [3] however these methods usually require complicated mathematical models and are often restricted to defined surface input excitations. In the present work, an optimisation procedure is designed to adjust the resistance and capacitance distributions so that the surface temperature of the simplified model matches that of a rigorous reference model.
The reference construction element model was created from the one-dimensional energy equation using a finite-difference scheme:
A full description of the discretisation and solution procedure of this equation as adopted in the present work applied to multi-layer construction elements can be found in [16] . A summary of the main discretised equations is given in the following for reference. For the temperature distribution through the body of each layer of material the following is used where the superscript n refers to the current time row and n+1 to the next time row:
in which the Fourier number, F, can be shown to be:
At the interfaces between two differing layers of material the interface temperature is obtained from the following (expressed here as the interface centred at the i th discrete slice forming a junction between two layers of different material, 'a' and 'b'):
And at a surface boundary, the temperature of the first discrete slice of the first layer of material is given by the following (in this case for the first slice of material on the inside surface layer which is taken to form slice 1 and bounded by room air at T i with a surface convection coefficient of h i ):
Finally, the temperature at the inside surface (of zero heat capacity) will be:
(a similar equation can be written for the temperature of the exterior surface).
The reference model was solved using a fully implicit scheme adopting Gauss-Seidel iteration. The discretisation scheme adopted one node at the centre of each layer of material and thus, with the interface equations, 2L+1 conduction equations needed to be solved iteratively at each time step (where L is the number of layers of material) plus the two surface temperature equations.
Second-order Lumped Parameter Model
A simplified second-order construction element model can be used as an approximation to the much more rigorous description of the previous section. Gouda et al. [1] compared both first-order and second-order simplifications and concluded that the latter was an improvement on the former in terms of accuracy whilst requiring little additional computational effort. Figure 1 illustrates the parameters and variables of the second-order model based generally on that of Gouda et al. [1] . To generate the simplified model, the overall surface-to-surface resistance requires to be apportioned between the three series resistances, R i , R m and R o , and the overall thermal capacity requires to be apportioned between the two capacitances, C i and C o such that:
(10)
Gouda et al. [1] referred to f i , f o , f m , g i and g o as resistance and capacitance rationing factors. Thus a second-order model for a multi-layered construction element can be realised as follows.
And the internal and external surface temperatures using this model will be:
This model can be completely parameterised by obtaining values for the three resistance and capacitance rations f i , f o and g i .
In the original study, Gouda et al. [1] developed three alternative complete room models. The first used construction elements based on a high-order reference model. The second used the simplified second order model for the construction elements and the third used an existing first order model for comparative purposes. A single objective function search algorithm was applied to find values of the three rationing parameters which minimised the root-sumsquare-error in the room air temperatures predicted by the second-order model and the reference model in response to a unit step change in either heat flux at the external surface (e.g. due to solar radiation) or external air temperature. The method and results given in this original study were limited in a number of respects:  A whole room model was used to generate the parameter values making it difficult for the work to be replicated by other researchers and practitioners.  A step response excitation for this application is unrealistic.  The method would require to be repeatedly applied for different disturbance variables and is inapplicable when more than one excitation variable are simultaneously active.  There was an insufficient number of results for alternative construction types making it difficult to utilise the model for a range of alternative applications.
The method and results reported in the following sections attempt to address these shortcomings in the following ways: a) A multiple objective function search algorithm is used with simultaneous disturbances applied to both inside and outside surfaces of the reference and target models. b) The proposed new method is applied at the construction element level by targeting surface (rather than room) temperatures thus making the method easier to replicate by other researchers and practitioners. c) The method is tested at room level in relation to room temperature response to demonstrate robustness. d) A periodic function is used to drive the excitation variables. e) A large number of results are generated and reported for a range of alternative construction elements making the model easy for students, researchers and practitioners to apply without needing to carry out a parameter-fitting analysis. 
Optimised Parameter Fitting Method
A function was created to implement the two models described in sections 4 and 5 for a defined single or multi-layer construction element. The internal and external air temperatures were varied sinusoidally with peak-to-peak amplitudes of 1K and a period of 24h consistent with a diurnal cycle. The internal and external surface temperatures predicted by eqns. (6 The overall surface-to-surface resistances (including allowances for interstitial air gaps where relevant) and overall thermal capacities were calculated using material properties listed in CIBSE Guide, Book A [18] .
Results for the various construction elements are given in the tables in Appendix A. The tables list the resistance rations (internal zone, middle and outer zone) and capacitance rations (internal zone and outer zone) so that the simplified lumped parameter construction element model described in Section 4 can be fully parameterised for any chosen element. As might be expected, for single layer elements or multi-layer elements with symmetrical layering, the 9 results show that f i = f o and g i = g o = 0.5. For multi-layer elements with many layers (e.g. >4) the middle zone resistance tends to dominate.
Model Testing
In order to investigate the accuracy and robustness of the simplified model to building thermal response with a range of both periodic and random excitations several of the construction elements whose results are listed in Appendix A were formed into a simple (and somewhat arbitrary) room enclosure. The test room enclosure was assumed to have dimensions of 10m x 5m x 3m-high forming a corner of a building facing south and west with an exposed roof, internal floor and internal partitions forming the north and east edges. There were no windows defined. The CIBSE/Met Office test reference year for London Heathrow [19] was used to define the conditions at the room enclosure exterior and the enclosure was completed with the following internal air volume heat balance:
In eqn. (17), Q c is convective heat added directly to the room air and m vent is an assumed continuous rate of flow of external ventilation air that enters the enclosure (with the same amount of air leaving). The enclosure air volume was assumed to be perfectly mixed at all times. The 5 internal surfaces referenced in eqn. (17) refer to the external wall (south), external wall (west), floor, ceiling and internal partitions. Eqn. (17) was solved separately based on surface temperatures predicted by the reference model and surface temperatures predicted by the simplified model. The internal enclosure elements (floor and partitions) were treated as adiabatic elements by imposing exactly the same conditions on the opposite sides as in the subject space. To deal with radiant heat fluxes, air temperatures in eqns. (6, 14 & 15) were replaced with sol-air temperatures at exterior surfaces and an equivalent surface rad-air temperature at interior surfaces (similar to that first proposed by Davies [20] however, for the present purpose, radiant interchange between room surfaces was not considered The tests consisted of one complete annual simulation in each case, using the weather file.
The global horizontal solar radiation in the weather file was first pre-processed into annual time-series surface irradiances relevant to the south-and west-facing walls and the horizontal roof surface using the clearness index model of Skartveith and Olseth [21] . A ground reflection factor of 0.2 was assumed and a surface absorption coefficient of 0.9 was used for all surfaces. The results were then used in eqn. (18) to determine time-series sol-air temperatures for each surface together with the corresponding external air temperature from the weather data.
m vent was calculated by assuming a constant rate of ventilation equivalent to 0.5 of an air change per hour. An internal heat excitation rate of 1kW (20Wm -2 of floor area) was ramped in each day of the simulation between 07:00h and 10:00h and then ramped back down to zero between 18:00h and 21:00h after being held constant between these times. Half of this energy was allocated to convection (entering via the Q c term in eqn. (17)) and the remaining half was uniformly added to each surface as radiation (entering via the rad-air temperatures of eqn. (19)).
Though the conditions defined above are somewhat arbitrary, they are considered sufficient to capture a wide range of the important variables that are likely to be of primary influence over the behaviour of a construction fabric dynamic thermal model.
Results of the two tests are presented in the following. They were obtained using an integration time step of 1 minute over one complete annual cycle. The reference model used a single central node for each layer of material such that each layer of material was completely defined by 3 nodes (one at the centre and two interface nodes). Thus 2L+1 equations (where L is the number of material layers) required to be solved for the reference model whereas just 2 equations require to be solved for all instances of the simplified model (excluding surface equations in both cases).
Comparisons of the enclosure air temperature predicted by both models are given in figures 2 and 3. Figure 2 shows that the simplified model gives an excellent agreement with the reference model for a traditional high thermal capacity construction. Figure 3 shows that the agreement is adequate for a low thermal capacity construction though not as good as for high thermal capacity. This conclusion is also evident in the results of surface temperature comparison shown in Figure 4 (high thermal capacity) and Figure 5 (low thermal capacity). The surface temperature comparisons show a good level of agreement over a very wide range 11 of operating surface temperatures particularly the exterior surfaces of the external wall and roof where solar radiation is responsible for some high surface temperature behaviour. The overall RMS error results are given in Table 1 . The overall average RMS errors resulting from the two models over all surface temperatures and the internal air temperature are 0.30K (high thermal capacity) and 0.43K (low thermal capacity). The computational elapsed time using the reference model only was 9.1 minutes (high thermal capacity test case) and 9.8 minutes (low thermal capacity test case). When using the simplified model only, the computational elapsed time reduced to 6.5 minutes (both cases) -a reduction of around 30%.
Results were also generated using alternative integration time intervals of 5 minutes and 10 minutes (the default time step used in a number of commercially available energy simulation programs). The RMS errors did not change significantly at these wider time steps. To a certain extent this is to be expected since the conduction calculations are performed using an implicit calculation algorithm (though at very wide time steps the accuracy would be expected to begin to suffer). However the computation times reduced to an average of 2.6 minutes (reference model) and 1.3 minutes (simplified model) at an integration interval of 5 minutes and an average of 1.6 minutes (reference model) and 0.7 minutes (simplified model) at the higher integration time step.
Comparisons with Established Methods
The advantages of the simplified building element model developed in this work are those of simplicity, transparency and ease of implementation compared with established methods.
Though not suited to rigorous detailed simulations of multi-zone buildings, the simplified 14 method is particularly suited to smaller (e.g. 1-3 zone) building response modelling using modular-graphical or equation-based modelling tools as are frequently used in building energy research or in bespoke building design practice. The model developed here has been fitted to a range of building element thermal responses generated using a detailed finitedifference numerical model. The finite-difference numerical method for conduction calculations is used in several established energy simulation tools including 'ApacheSim' which forms part of IES, the predominant energy simulation program used by practitioners in the UK [22] , and 'ESP-r' which is a long-standing freeware-based energy simulation program used mainly by researchers [23] . However, arguably the dominant method of performing these calculations is through the use of conduction transfer functions which are used in many of the early simulation programs such as 'BLAST' and 'DOE-2' and, more recently, a very widely used program which was formed out of these two called 'EnergyPlus' [24] .
In order to explore the performance of the simplified model developed in this work with the use of the conduction transfer function (CTF) method, a further simple test was conducted. An example cooling load transient performed using CTFs on a 5-layer external wall construction with defined internal and external surface temperatures was described by Spitler [25] . Details of the data used, and the transient cooling load results obtained, are given in Appendix 2. The optimisation method described in Section 5 was applied to Spitler's example construction using the finite-difference reference model described in Section 3 and the following results were obtained for the simplified lumped parameter model: The simplified model was then applied using the above parameter settings and Spitler's surface temperatures [25] as listed in Appendix 2. The results of internal cooling load surface heat fluxes are compared in Figure 6 . The root-mean-square error between Spitler's results [25] and the simplified model was found to be 0.0286 (i.e. < 3%). Thus the simplified model fitted using a finite-difference reference model appears to offer a very good approximation to the traditional CTF conduction modelling method. 
Conclusions
In this work an improved method for the simplified modelling of the thermal response of building elements has been developed. The simplified model is based on a 5-parameter second-order method with 3 series resistances and 2 capacitances. A rigorous reference model has been developed based on an implicit finite-difference solution of the governing energy equation. Objective functions consisting of root-mean-square errors in both internal and external surface temperatures predicted by the simplified model and reference model have been defined. The surfaces have been excited using sinusoidally-varying air temperatures at both surfaces and the parameters of the simplified model were adjusted until the surface temperature errors declined to a minimum. Resistance and capacitance modelling parameter results for a wide range (45) of construction element types have been presented. Tests have been carried out using a range of both random and periodic excitations in weather and internal heat flux variables enabling a comparison to be made between the simplified model and the reference model. The tests were conducted on a sample of the generated construction element types for both high thermal capacity and low thermal capacity examples. Results of the tests show that the simplified model provides an excellent approximation to the reference model especially when used for the simulation of the thermal response of a room enclosure with 'traditional' construction types of relatively high thermal capacity whilst also providing a reduction in computational cost of at least 30%. The results further show a good agreement with the conduction transfer function modelling method which is used in many of the established energy simulation programs available today. The simplified model has the advantage of requiring the solution of just 2 equations as opposed to a minimum of 3 (for a single-layer element) and as many as 11 equations (for a 5-layer element) in the case of the reference model.
The model is most suitable for use by students and researchers for developing bespoke building models using either modular-graphical modelling tools or equation-based modelling methods. Further work is merited to incorporate moisture mass transfer effects to give an alternative simultaneous model of heat and mass transfer in construction elements.
APPENDIX 1 -Results of fitting to a range of common construction element types
The parameter fitting results for a wide range of construction element types are given in tables A1. 
